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A methodology for simulating two-way multiphase coupling of mass, momentum, and energy was developed to

investigate the effect of droplet mass and heat transfer on one-dimensional shock waves. The numerical approach

employed a conservative formulation for the gas and a Lagrangian formulation for the particles. The approach was

verified for one-way heat transfer, evaporation and condensation for low-speed flows, and for two-way shock

attenuation for solid particles and small evaporating drops (for which breakup is not expected and internal

temperature gradients are weak). Parametric studies were conducted to investigate the coupling physics, and,

surprisingly, finite rate evaporation and two-way coupling were found to increase the rate of shock attenuation and

reduce the postshock gas temperature for mass loadings as small as 0.5%. Larger drops led to long regions of

nonequilibrium as did, unexpectedly, effects of evaporation.

I. Introduction

D ISPERSED multiphase flows, whose particle volume fractions
are less than 10%, are important scientifically and in many

industrial, automotive, and aerospace engineering systems. This
includes circulating fluidized beds for power generation, fuel sprays
in internal combustion engines, and aircraft wing and engine inlet
icing. In such cases, the mass, momentum, and energy interactions
between particles or drops and a gas flow can be significant. This is
particularly true for the case of fuel spray injection into high-speed
propulsion concepts such as scramjets for which interaction between
shock waves and evaporating, combusting droplets is an important
area of study. Because of this, there have been several experimental
and numerical studies that examined the attenuation effects of
interphase momentum and kinetic energy transfer on shock waves
for solid and liquid particles.

While studies that consider effects of evaporation on shock physics
are rare, a number of experimental and computational studies have
investigated either the phase change in the relaxation zone behind a
shock or the shock attenuation due to solid-particle interaction. For
example, early numerical studies of phase change in the relaxation
zone behind a shock of fixed strength were reported by Lu and Chiu
[1] and by Panton and Oppenheim [2]. Both of these studies solved
1-D conservation equations using an Eulerian formulation for the gas
and liquid phases and found that both condensation and evaporation
may occur behind a shock driven primarily by the partial pressure
gradient. Panton and Oppenheim conducted systematic parametric
studies of factors influencing temperatures, velocities and mass
transfer rates. Goossens et al. [3] used experimental and theoretical
techniques to examine the effect of shock waves on evaporation,
but shock decay was not studied. Sommerfeld [4] conducted
experimental and numerical studies of shock attenuation by solid-

particleflows.Haylett et al. [5] discussed shock-tubemeasurement of
evaporating liquids, some including ignition (e.g., Hanson et al. [6]).
For solid (nonevaporating) particles, numerical simulations were
conducted by Sivier et al. [7] and Haselbacher et al. [8] for which
shock attenuation compared well with the experimental results of
Sommerfeld [4]. The most relevant previous numerical work found
was that by Chang and Kailasanath [9], which considered relatively
large droplets interacting with a shock wave. However, their study
assumed instantaneous droplet breakup and evaporation as soon as
the shock impacted and thus did not examine effects of evaporation
rate or particle inertia on shock attenuation or effects of finite rate
evaporation, mass loading, and particle size.

The current numerical work examines in detail shock interactions
with evaporating droplets in a parametric fashion and is the first study
to do so with respect to finite mass and heat transfer effects on the
coupled shock physics and attenuation. The focus herein is on the
interaction of moderate strength shocks with small drops, e.g.,
20 �m or less, in a nonreactingflow consistent with the conditions of
Goossens et al. [3]. As such, droplet breakup, combustion, and
internal temperature gradients are neglected. Since such aspects are
important to propulsion systems, they should be considered in future
studies.

II. Methodology

A. Inviscid Gas-Phase Equations

The governing equations for the continuous phase, assuming
inviscid compressible flow, can bewritten as a coupled set of conser-
vative partial differential equations of the general form:
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Here, summation notation is used and the left-hand side is defined by
the vectors
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In this expression, ui is the fluid velocity component in the i
direction, eo is the specific total energy of the continuous phase, and
p is the continuous-phase pressure defined by a typical equation of
state. The source terms on the right-hand side of Eq. (1) are due to
phase coupling and can be written as
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Here,R is the rate of condensation of the particles per volume of gas,
Di is the drag force of the particles in the i direction per volume of

gas, and _Q is the heat transferred to those particles per volume of gas.
The source term for the continuous-phase energy equation per

volume of gas includes heat transfer effects ( _Q), work done on the

particles ( _W), and potential energy change associatedwith the heat of
formation of the added mass (hf). The three terms arise as a result of
the three components of total energy: sensible (or thermal) potential
energy, kinetic energy, and chemical potential energy.

B. Dispersed-Phase Equations

The Lagrangian dispersed-phase equations for particle diameter
dp, velocity vi, position xpi, and temperature Tp can be written as
(Kersey [10])

ddp
dt
��

�gDv

2�pdp
BpSh (4a)

wi � vi � ui (4b)

Rep � �gjwjdp=�g (4c)
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For Eq. (4a), Dv is the diffusion coefficient, Bp is the Spalding
transfer number, and Sh is the Sherwood number. This equation is
considered reasonable, because the Spalding transfer number was
found to be less than 0.02 for the present shock conditions (Kersey
[10]). In Eq. (4c),w is the relative particle velocity vector [defined by
Eq. (4b)], which is used to determine the particle Reynolds number
Rep, which in turn is used to obtain the drag coefficient CD. In
Eq. (4f), �v is the latent heat of vaporization of the particle, cs is the
particle specific heat, Nu is the Nusselt number, kg is the thermal
conductivity of the continuous phase, and it is assumed that the
internal particle temperature is uniform. This is consistent with small
drops in weak shock flows [7,9], but is not reasonable for strong
shocks, especially if combustion occurs. Note that the gas quantities
used for relative velocity and temperature [Eqs. (4b) and (4f)] are
hypothetically interpolated to the particle center of mass, neglecting
flow interactions with that particular particle.

The Nusselt and Sherwood numbers can bewritten as functions of
particle Reynolds number, Prandtl number, and Schmidt number
using the conventional Ranz–Marshall [11] relationships. However,
the CD formulation used in this study includes rarefaction effects
(Loth [12]) to account for the small particle sizes. This formulation
was shown to compare well with experiments and theoretical limits,
including the free-molecular limit of Stadler and Zurick [13] as a
function of the Knudsen number:

Knp �
2�g
�gd

���������������
�

8RgTg

r
(5)

The drag coefficient model and the Ranz–Marshall relationships
were found to be appropriate for Rep < 50, which is reasonable for
the shock simulations herein with Rep < 10 [10]. For the conditions
investigated in this study, blowing effects (drag changes due to
evaporation) were found to be negligible because the blowing
velocities were very small compared to the relative velocities.

C. Interphase Source Terms to the Gas Phase

The interphase mass transfer termR of Eq. (3) represents the mass
rate of vapor condensing on all the particles contained in a unit
volume of gas and can be written as

R��Sh�dpnp�gDvBp (6)

The quantity np is the particle number density. The inclusion of mass
transfer to the interphase physics introduces related terms to the
particle governing equations, as previously outlined in Eq. (4).

The interphase momentum coupling term is the force on the
dispersed phase from the continuous phase, or simply the drag per
unit volume Di, which can be written as

Di � �np�gCDwijwjd2p=8 (7)

The interphase energy coupling term in Eq. (3) includes the work
done on the dispersed phase by the continuous phase and the heat
transferred from the continuous phase to the dispersed phase:

_W � _Q� viDi � _Q� �dpnp�vidp�gCDwijwj=8
� Nu�Tg � Tp�kg� (8)

This expression neglects radiation effects, which is reasonable for the
present noncombusting conditions.

The chemical potential energy source term to the gas is the rate of
mass addition [R from Eq. (6)] multiplied by the heat of formation of
the dispersed-phase species (hf).

D. Particle Response Times

For the discussion of the numerical techniques and the simulations
results, it is helpful to identify the mass, momentum and thermal
response times of a particle. For mass transfer, consider an isolated
droplet in a steady flow at smallRep conditions so that the right-hand
side of Eq. (4a) is constant. Integrating then yields the so-called d2

law:

d2p�t� � d2p�t0� � �t (9)

In this expression, � is an evaporation coefficient equal to

�� 4�gDvBpSh=�p (10)

If this coefficient is constant (reasonable for Rep 	 1), it allows
definition of a droplet lifetime �m as

�m � d2p�t0�=� (11)

This is the time it takes for the particle to completely evaporate at a
fixed rate.

The Lagrangian dispersed-phase temperature equation (4f) can be
rewritten in terms of a thermal response time �T;p for the particle or
droplet:

dTp
dt
� 1

�T;p
�Tg � Tp� (12a)

�T;p �
�pcsd

2
p

6kgNu
(12b)

This response time is a measure of the thermal inertia of the particle
or how quickly the particle temperature will equilibrate to the
surrounding continuous-phase temperature.

Similarly, the momentum response time of the particle or droplet
(�p) can be defined based on the particle mass, relative velocity, and
drag force as

�p �
mpjwj
FD

�
4�pdp

3CD�fjwj
(13)

For the linear drag regime in continuum flow (Rep 
 1), CD �
24=Rep so that the response time becomes proportional to the square
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of particle diameter, as also found for thermal response time at
small Rep.

E. Multiphase Numerical Formulation and Particle Ordinary

Differential Equation Discretization

The Lagrangian dispersed-phase solver is called before each
continuous-phase time step. The Lagrangian formulation tracks
trajectories of parcels, where each parcel contains NpP physical
particles per parcel that are assumed to all follow the same trajectory
(reasonable so long as the parcels are smaller than a computational
cell size as stipulated herein). Continuous-phase flow properties at
the current time level tn are linearly interpolated to the particle
location to determine the interphase source terms. The new
dispersed-phase properties at the next time level (tn�1) are then
obtained via the integration schemes discussed below. Within the
multiphase solver, calculations are carried out in the order listed in
Eq. (4), where the updated particle velocities are used to find the new
particle positions. Discretization of these equations is discussed in
the following.

For the momentum ordinary differential equation (ODE), the
exponential one-step time-integration scheme of Barton [14] is used
for the particle velocity and position equations, which assumes a
linear drag for each time step:

v n�1 � vn exp���t=�np� � un�1 � exp���t=�np�� (14a)

x n�1
p � xnp � �np�wn � g�np��1 � exp���t=�np�� � un�t (14b)

This scheme has been found to be accurate to within 1% of the
predicted particle velocity for various flows integrated over hundreds
of time steps for Rep < 65 (Lee and Loth [15]), which is consistent
with the maximum Reynolds number in the present simulations
(Rep < 50). However, this level of accuracy requires that the
computational time step (�t) be small compared to both to the
particle response time (e.g., �t < 0:25�p) and the fluid time scale
seen by the particle (e.g., a continuous-phase Courant–Friedrichs–
Lewy number of less than 0.5).

To solve the ODEs for particle diameter and temperature, explicit
first-order forward-difference schemes are used for the discretized
particle diameter and temperature equations:

dn�1p � dnp � 2�t
�gDv

�pd
n
p

BpSh (15a)

Tn�1p � Tnp �
6kgNu�Tng � Tnp��t

�pcp;p�dnp�2
�

3�v�dn�1p � dnp�
cp;pd

n
p

(15b)

These simple schemes were found to be reasonably accurate for the
present conditions (Kersey et al. [16]).

The continuous-phase solver then solves the Navier–Stokes
equations to time level tn�1 with cell-averaged interphase source
terms identified in Eq. (3). The Eulerian gas flow solver uses a finite
volume method in strong conservation form for both structured and
unstructured hybrid zonal grids (Bush et al. [17] and Bush [18]). The
solution of the Euler equations (including their source terms) is based
on a scalar implicit time-stepping method [17]. For cases with
shocks, a Roe third-order upwind-biased scheme was used with a
Koren total-variation-diminishing limiter (Koren [19]). The net
interphase mass and force transfer terms are based on a summation
over all parcels in the cell (where P is the total number of parcels in a
cell and each parcel k contains NpP;k particles):

8cellR��
Xp
k�1

NpP;kSh�dp;k�gDvBp;k (16a)

8cellDi �
�

8

XP
k�1

NpP;k�gCD;kwi;kjwi;kjd2p;k (16b)

This method was found to be accurate (to within 1%) and stable for
the noncombusting flows considered herein and avoids the need for

intermediate quantities (as used by Amsden et al. [20]), which
improves overall efficiency and programming modularity. The
present coupling scheme requires eight or more parcels per Eulerian
computational cell for accuracy (consistent with results of Sivier
et al. [7]). The grid and time-step resolution requirements in the
context of the shock attenuation cases are discussed in Sec. I.

F. Verification of Thermal and Energy Coupling to the

Dispersed Phase

For constant gas-phase temperatures and a constant thermal
response time, an analytical solution for the particle temperature can
be obtained by integrating Eq. (12):

Tp�t� � Tp�t0� � exp��t=�T;p� � Tg�1 � exp��t=�T;p�� (17)

One-way heat transfer to a solid dispersed phase was tested using a
simple steadyflowproblem in a 1-m-long straight duct and compared
to the above analytical solution. The gas temperature was kept
constant at 300 K and the particle relative velocity was set to zero so
that the Nusselt number was equal to 2.0. The thermal response time
was chosen to be approximately 0.60 s. The initial particle temper-
ature was 400 K. As shown in Fig. 1, the convective heat transfer to
the dispersed phase in the current formulation shows excellent
agreement with the analytical solution, indicating reasonable accu-
racy of the numerical scheme.

For verification of two-way energy coupling, an analytical
solution was derived for the continuous-phase temperature increase
due to work done by the particles. The gas temperature was set to
300 K at the inflow of a 1-m-long straight duct. The gas-phase
velocity was set at 5 m=s, a small value compared to the speed of
sound, such that

eo � e� 1
2
u2 � e (18)

Heat transfer between phases was disabled such that the interphase

heat transfer term _Q was zero. Further assuming large relative
velocities compared to the gas-phase velocity (v	 u) such that
v� w, the Lagrangian form of the gas energy-conservation equation
can be reduced to

dTg
dt
� v �

8

npCDwijwjd2p
cp;g

(19)

The particle velocity was held artificially constant (in this case,
100 m=s), so this can be integrated to give

Tg�t� � Tg�t0� � v
�

8

np
cp;g

CDwijwjd2pt (20)
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Fig. 1 Comparison of interphase heat transfer in a straight duct for two

different cases (shown in one plot): one-way coupling to verify droplet

temperature change (whereT refers toTp) and kinetic energy coupling to

verify gas-temperature change (where T refers to Tg). Lines are ana-

lytical solutions and symbols are numerical solutions.
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Assuming steady gas-phase velocity, the temperature distribution is
given by

Tg�x� � Tg�x0� � v
�

8

np
cp;g

CDwijwjd2px (21)

For the simulations, particle mass transfer was set to zero, a particle
diameter of 300 �m was chosen (and the corresponding drag
coefficient was assumed to be constant at 0.424), and the gas phase
was taken as air at standard conditions. The particle number density
np was chosen to be 17; 250 particles=m3 to give a theoretical
temperature change of approximately 12 K over a 1 m distance. The
results from the current formulation are also compared to this
analytical solution in Fig. 1. As shown, the current implementation
accurately predicts the interphase kinetic energy coupling effects. A
similar verification was conducted for one-way convective heat
transfer from the dispersed phase to the continuous phase Addi-
tionally, transient droplet temperatures were simulated with finite
Reynolds number conditions for warm water droplets injected into a
colder dry gas and showed excellent agreement with previous
simulations (Kersey et al. [16]).

G. Verification of Interphase Mass and Momentum Transfer

to Drops for Low-Speed Flow

To verify the present methodology for droplet evaporation and
velocity response at low speeds, simulations of a one-dimensional
flow were conducted to model water sprays in wind tunnels. A low-
speed formulation based on Willbanks and Schulz [21] (hereafter
referred to as Schulz–Willbanks) was compared to the present
technique for the uniform injection of water droplets in air in a
straight duct 20 ft long with a 36 ft2 square cross section. Consistent
with Schulz–Willbanks, a uniform gas velocity of 220 ft=s and
temperature of 492
Rwas specified, along with an initial vapor mass
fraction of water of 3:175 � 10�3. For the droplets, the initial liquid
water content (LWC) was prescribed as 1:0 g=m3 for three droplet
diameters, 25, 100, and 1000 �m. Initial drop temperature was set at
600
R and an initial drop velocity of 100 ft=s was set to generate a
high degree of nonequilibrium. There are some minor differences
between the two codes in terms of the equations and the numerics.
For example, Schulz–Willbanks uses a single third-order polynomial
fit for latent heat of vaporization and a seven coefficient exponential
fit for vapor pressure. In comparison, the present method uses linear
interpolation between values in lookup tables with intervals of 10 K
for vapor pressure and 100 K for latent heat. There are some other
small differences with respect to the drag coefficient expression and
heat transfer formulation for the present flow conditions.

The change in droplet diameter as a function of axial distance is
plotted in Fig. 2a and shows good agreement between the present
formulation andSchulz–Willbanks. Thefinal diameter of the 100 and
1000 �m droplet cases predicted by the present method are within
1% of that for Schulz–Willbanks. Relative velocity is plotted for all
three cases in Fig. 2b. There is again good agreement across all drop
diameters. The largest disparity in relative velocities occurs in the
1000 �m case, which is less than 2% at the final downstream station
and can be attributed to differences noted above. However, it is
noteworthy that the Schulz–Willbanks code exhibited minor numer-
ical oscillations for some conditions, while the present formulation
was free of such behavior.

H. Verification of Two-Way Coupling for Dusty Shocks with Very
Small Particles

In the limit of very small particles, the two-way coupling effects
associated with the effective density can be described analytically
with a mixed-fluid approximation that assumes the dispersed-phase
and the continuous phase are in local kinetic and thermal
equilibrium: um � v� u and Tm � Tp � Tg. The mixed-fluid
approach is reasonable when the particle momentum and thermal
response times are small compared to the time scales of the fluid
velocity and temperature changes.

The corresponding mixture thermal properties vary only with
particle loading. In the limit of very high density particles (�p 	 �g)

and very small volume fraction of the particle per unit volume of
mixture, the mixture density expression can be approximated in
terms of the particle loading factor � as

�m � �g�1� �� (22)

Themixed-fluid approximation results in a single set of conservation
equations for the flow mixture. Assuming that the mixed fluid obeys
an ideal equation of state, the mixed-fluid pressure (pm � pg), gas
constant Rm, specific heat cp;m. and specific heat ratio 	m can be
defined, respectively, as

pm � �mRmTm (23a)

R m �Rg=�1� �� (23b)

cp;m � �cp;g � �cs�=�1� �� (23c)

	m �
cp;m
c8;m
�
cp;g � cs�
c8;g � cs�

� 	g
�
cp;g � cs�
cp;g � 	gcs�

�
(23d)

where cs is the specific heat of the particles, cp;g is the specific heat of
the gas at constant pressure, and c8;g is the specific heat of the gas at
constant volume. From the mixed-fluid specific heat ratio and gas
constant, the acoustic speed can be obtained as
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a2m
a2g
� 	mRm

	gRg

� 1� c�s �
�1� ���1� 	gc�s ��

(24)

where the normalized specific heat between the particles and the gas
is given as c�s � cs=cp;g. Often this ratio is taken as unity for the
dusty-gas limit to simplify the analytical solution (Miura and Glass
[22]) but is herein considered as a variable.

For a normal shock propagating into quiescent gas, a shock Mach
number can be defined as

Msh � Vsh=a1 (25)

where Vsh is the speed of the shock relative to a fixed frame and a1 is
the speed of sound in the unshocked medium. Standard shock
relations can then be used to define the changes across the wave
(Kersey et al. [16]). In the case of a shock wave propagating from air
into a dusty-gas mixture of glass particles, the shock wave So will be
refracted at the interface and a reflected shock will form. A contact
discontinuity C forms in the region between the reflected SR and
transmitted S shocks at the interface between the clean air and the
dusty gas. This is shown schematically in Fig. 3 and the various
regions are labeled for reference. The gas velocity behind the
reflected shock can be written as (Sommerfeld [4])

um3
a1
� um2
a1
� a2
a1

�������������������
2

	�	 � 1�

s �
pm3
pm2
� 1

��
pm3
pm2
� 	 � 1

	 � 1

��1=2
(26)

The velocity of themixed fluid behind the transmitted shock can then
be written as

um20

a1
� am
a1

������������������������
2

	m�	m � 1�

s �
pm20

pm1
� 1

��
pm20

pm1
� 	m � 1

	m � 1

��1=2
(27)

Furthermore, across the contact discontinuity pm3 � pm20 and
um3 � um20 .

Solving Eqs. (26) and (27) yields the pressure ratios across the
reflected and transmitted shocks. The Mach number of the trans-
mitted shock wave can then be calculated as

M0sh;m �

�����������������������������������������������
p20

p1

� 1

�
	m � 1

2	m
� 1

s
(28a)

Msh;m �M0sh;m�am=a1� (28b)

Using these relations, consider a dusty-gasmixture of air (at standard
conditions) and glass particleswith a density�p of 2500 kg=m3 and a
specific heat cp;p of 766 J=�kg-K� at a mass loading � of 0.63 the
effective density �m is 1:96 kg=m3. For a shock propagating into this

dusty-gas mixture at a Mach number of 1.49, the equilibrium shock
Mach number is 1.146. To examine this theoretical limit numerically,
1-�m-diam particles were considered with the above conditions.
Figure 4 compares the shock attenuation results from the present
method to the theoretical result for an infinitely small particle. The
simulated shock attenuates to an equilibrium shock Mach number
that agrees well with the theoretical equilibrium.

I. Validation of Solid-Particle Shock Attenuation for Particles with
Finite Response Time

The current numerical method was next used to study shock
attenuation by solid particles. For this, a normal shockwas initialized
in pure air in a shock tube following Sivier et al. [7]. The shock was
located 10 cm upstream of a dusty-gas mixture of 27-�m-diam
spherical glass particles with a density (�p) of 2:5 g=cm3 and a
specific heat (cp;p) of 766 J=�kg-K�. Several structured grids were
tested to test grid refinement with x spacing ranging from 0.25 cm to
1 cm and y and z spacing held constant at 1 cm because of the one-
dimensional nature of the flow. To test temporal discretization, time
steps were varied from 2 � 10�7 s to 2:5 � 10�6 s with these grid
configurations. Based on these studies, spatial and temporal
independencewas reasonably achieved (based on 1%accuracy of the
propagating shock speed)with a 0.5 cm spacing in the x direction and
a time step of 4 � 10�7 s for both nonevaporating and evaporating
conditions.While the distance for the shock to reach equilibrium can
vary significantly based on conditions, the required spatial resolution
generally corresponded to less than 1% of the distance required for
the shock to reach equilibrium. The required time step corresponded
to less than 5% of the particle response time (and less than 0.02% of
the time required for the shock to reach equilibrium conditions).

Shock Mach number as a function of position was then calculated
and compared to experimental and numerical data from Sommerfeld
[4], Sivier et al. [7], and recent numerical results from Haselbacher
et al. [8]. Figure 5a shows the shock attenuation for an initial shock
Mach number Ms;0 of 1.49 and a particle loading (�) of 0.63.
Measurements of shock position are relative to the initial particle
interface. While there is reasonable agreement with previous
experimental and numerical data in thefirst half-meter of the domain,
the current method predicts stronger shock attenuation. The final
shock Mach number predicted is 1.167: 2.6% lower than that
predicted by previous studies. Shock attenuation for the same initial
shockMach number of 1.49 and a higher loading of 1.25 is shown in
Fig. 5b. Here, the present method yields good agreement with the
experimental data and numerical data. A case with a different Mach
number was also simulated and compared to both experiments and
numerical results and yielded similar results (Kersey et al. [16]). The
present method predicts a final shockMack number<1% lower than
Sommerfeld’s method and 2% lower than Sivier et al.’s [7] method.
These small variations may be attributed to minor differences in the

Fig. 3 Gas-dynamic interaction of a shock wave propagating from

clean air (1) into a dusty gas (10), where C indicates the contact

discontinuity and S indicates a shock path.
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numerical schemes for shock-capturing, since use of different drag
coefficient formulationswere found to have little effect on the present
simulations.

It is interesting that beyond 1 m, all numerical predictions show
faster attenuation than the measured experimental data. The reason
for this difference is not clear, but may be due to preferential
concentration of the particles (pockets of flow where particle
concentrations are higher). Such conditions can arise when small
particles are suspended and dispersed by turbulence (Eaton and
Fessler [23]) as is the case just before the shock propagation. Even if
no coalescence occurs, this effect increases relative particle velocity
and drag for a given gravitational force (Aliseda et al. [24]), which
thus reduces the shock attenuation, qualitatively consistent with the
numerical underprediction of shock Mach number. If particle
collisions cause coalescence or clumping, this will increase the
effective particle size, which increases the time and distance needed
to reach equilibrium.

III. Results of Shock Attenuation
by Evaporating Drops

A. Coupling Physics and Test Matrix

The validated numerical methodology was used to perform a
parametric study on shock attenuation by liquid water droplets. As
stated in the introduction, the most relevant previous numerical work
found by the authorwas that byChang andKailasanath [9]. However,
their study did not examine effects of evaporation rate or particle
inertia on shock attenuation and did not investigate effects of mass
loading or particle size. Another study performed by Goossens et al.
[3] used experimental and theoretical techniques to examine the
effect of shock waves on evaporation for relatively small droplets
(approximately a few microns) so that breakup could be neglected.
However, this study did not include numerical predictions, did not
investigate the effects of evaporation on shock decay, andwas limited
to lowmass loading cases (0.4–0.6%)with one-way coupling to only
the particle phase. Herein, we hope to use the present numerical
method to understand how relatively small evaporating drops (which
do not breakup) affect the shock attenuation and to investigate the
interaction physics under a wide range of particle conditions.

For the gas, the preshocked temperature and pressurewere taken to
be 275 K and 0.66 bar, respectively, consistent with the study by
Goossens et al. [3] To avoid the complex physics and empiricism of a
droplet breakup model, the present test conditions were chosen such
that the droplet Weber number would be less than 8 throughout the
simulation, making droplet breakup effects unlikely. As such, the
maximum droplet diameter was limited to 20 �m for an initial shock
Mach number of 1.25 and to 2:4 �m for an initial shock Mach
number of 1.5 (Table 1). This set of conditions may be reasonable for
high-pressure spray systems in flows with moderate Mach numbers.
The duct geometry, grid, and numerical methods were the same as
those used in the solid-particle shock attenuation study above. Initial
water vapor mass fraction was set to 0.00646 to achieve 100%
humidity in the preshock (quiescent) region, thereby limiting evap-
oration (or condensation) to the postshock region. A multispecies
model was used for the continuous phase to solve the transport of the
three species equations for H2O (vapor), N2, and O2. This is
somewhat different from the Goossens et al. study, which considered
humid nitrogen (i.e., no O2).

The test matrix was developed to examine the effects of Mach
number, mass loading, drop size, specific heat ratio (c�s ), and
evaporation on shock attenuation with five sets of runs, each to study
a specific effect (Table 1). Case study 1 included twoMach numbers,
1.25 and 1.5, to determine Mach number effects and to compare
evaporation rate to data taken by Goossens et al. [3]. Case study 2
includes several mass loadings ranging from 0.005 to 5.0 to
determine the effect of particle concentration. Case study 3 includes a
range of droplet diameters from 2.4 to 20 �m (limited by Weber
number constraints) to study how drop size affects shock attenuation.
Case study 4 examined two specific heat ratios c�s : 4.17, consistent
with liquid water in air, and 1.0, consistent with previous analytical
studies (Miura and Glass [22]) and closer to that of liquid fuel in a
fuel–air mixture. Case study 5 examined these same two specific
heats ratios but without any evaporation effects.

The baseline condition first investigated is that given by case
study 1 for an initial shockMach number of 1.25 and a very lowmass
loading of 0.5%. Gas, particle, and relative velocity are shown in
Fig. 6a as a function of position at t� 2:4 ms, which is the time at
which the shock would have traveled 1 m in pure gas. Because of the
lowmass loading, there is negligible shock attenuation and the shock
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Table 1 Test matrix for liquid-droplet shock attenuation

Case study Mach no. Diam, �m Mass loading Specific heat ratio Evaporation?

1 1.25, 1.5 2.4 0.005 4.17 Yes
2 1.25 2.4 0.02, 0.1, 0.63, 5.0 4.17 Yes
3 1.25 2.4, 5.0, 20 0.63 4.17 Yes
4 1.25 2.4 0.63 1.0, 4.17 Yes
5 1.25 2.4 0.63 1.0, 4.17 No
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front has propagated essentially as far as an unladen shock: i.e., the
front is centered nearly at x� 1 m. The drop velocity quickly
equilibrates to the postshock gas velocity due to the small particle
response time.

Gas and particle temperatures for these conditions are shown in
Fig. 6b, along with the theoretical unladen gas temperature.
Immediately behind the shock, the gas temperature rises toward the
postshock value. However, unlike particle velocity, particle tem-
perature does not equilibrate to the surrounding gas. Instead, the
droplet temperatures rise quickly behind the shock until wet-bulb
temperature (294 K for these conditions) is reached, which
corresponds to a thermal balance between the heat transferred to the
drops from the gas phase and the energy required for evaporation. As
such, a quasi-steady state is reached where drop temperature is
constant and only evaporation occurs. However, because the
interphase heat transfer to the continuous phase is based on the
temperature difference between the continuous and dispersed phases
[Eqs. (3) and (8)], the gas temperature then decreases in near-linear
fashion from x� 0:95 to 0.3 m. The decrease is significant (more
than 10 K) despite a mass loading too small to effect shocks in the
case of solid (nonevaporating) particles. At x� 0:3 m, there is a
particle loading discontinuity between the gas-particle mixture
(x > 0:3 m) and the unladen (single-phase) gas (x < 0:3 m), where
the temperature rises, consistentwith the unladen shock relationships

Figure 7 shows water vapor mass fraction in the gas, equilibrium
vapor mass fraction at the droplet surface, and the Spalding transfer
number. Equilibrium (saturation) vapor mass fraction at the droplet
surface increases quickly behind the shock, because it is solely a
function of droplet surface temperature. Between x� 0:3 and
0.95 m, the equilibrium mass fraction is a constant 0.015,
corresponding to the droplet wet-bulb temperature (294 K). The
actual mass fraction of vapor in the gas is saturated before the shock
hits, but just behind the shock the mass fraction is less than the
saturated value due to the increase in gas temperature, thus causing
evaporation (indicated by the positive Spalding number). This vapor
mass fraction then has an approximately linear increase due to the
evaporating droplets until the loading discontinuity. Beyond this
point (x < 0:3 m), the mass fraction of vapor in the gas returns to the
specified preshock value (0.00646). Note that the loading
discontinuity (x� 0:3 m) is diffused over two–three times as many
cells as the shock front (x� 1:0 m), and the former is attributed to the
interpolation from the Eulerian continuous phase to the Lagrangian
dispersed phase and the associated distribution of interphase source
terms to surrounding Eulerian nodes.

B. Mach Number Effects

An additional shockMach number of 1.5 was tested with all other
conditions the same as in Sec. III.A to examineMach number effects.
Gas temperatures for the two shock Mach numbers are plotted in
Fig. 8a, along with the respective unladen gas-temperature values for
an initial particle mass loading of 0.5%. Despite this low mass
loading, significant two-way coupling effect on gas temperature due
to evaporation (on the order of 5% decrease) is observed. In general,
the gas temperature initially increases behind the shock but then
decays as heat is transferred to the dispersed phase, especially for the
higher shockMach number. The extent of the droplet presence at this
time is shown by vertical arrows and indicates that theMach 1.5 case
includes a region roughly between x� 0:5 and 0.62 m for which all
the droplets have evaporated. In this region, the gas temperature is
constant (since there is no more interphase mass or heat transfer),
while the region closer to the shock that contains liquid drops shows a
gas-temperature decrease for positions further away from the shock.
The interface separating these two regions constitutes a contact
discontinuity not seen in the Mach 1.25 case at this instance (though
it will develop at a later time for this case).

The relative humidity for both shock Mach numbers is plotted in
Fig. 8b. Preshock, the relative humidity for both cases is 100% and
there is no evaporation. Postshock, the higher gas-temperatures result
in a higher equilibrium mass fraction (Fig. 7) so that the relative
humidity is reduced. Since the lower shockMach number results in a
lower gas temperature, this results in a higher relative humidity
postshock as compared to the higher shock Mach number.
Additionally, for Ms;0 � 1:25, the relative humidity increases
linearly as drops evaporate, up until the contact discontinuity at
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x� 0:3 m. Beyond this, the relative humidity is reduced to the
unladen value corresponding to the specified vapor mass fraction for
the unladen gas. For the higher shock Mach number, the relative
humidity increases linearly between x� 0:95 and 0.62 m, but then
remains constant until x� 0:5 m due to higher gas temperatures for
this region (Fig. 8a). For both Mach numbers, the relative humidity
then reduces to the unladen value far downstream (to the left) of the
shock.

Evaporation effects are shown in Fig. 9a by plotting the square of
the droplet radius as a function of time since passing through the
shock wave. Initially, there is little change in droplet radius, an effect
noticed by Goossens et al. [3] in their experiments, which they
attributed to the rapid buildup in vapor pressure by shock com-
pression, while the droplet temperatures are still close to the initial
preshock value. Further behind the shocks, the slope is nearly linear,
indicating that the evaporation approximately follows the d2 law of
evaporation from Eq. (9). This is somewhat surprising, since the d2

law assumes small Reynolds number, but Rep values as large as 49
were noted just behind the shock for the largest drop and strongest
shock (Kersey et al. [16]). The approximate d2 dependence suggests
that droplet lifetimes can be approximately predicted with analytical
models assuming a nearly constant evaporation coefficient if the
temperature and humidity differences can be appropriately esti-
mated. The is demonstrated in Fig. 9b, which shows the evaporation
times predicted by the present study for shockMach numbers of 1.25
and 1.5 compared to experimental data obtained by Goossens et al.

[3] and their theoretical model, which assumes a constant
evaporation coefficient. As shown, there is excellent agreement
between the present study (which allows for nonlinear effects) and
the experimental data. The linearized theory is qualitatively
consistent with the experiments and the simulations but tends to
underpredict the time required for evaporation. Goossens et al.
attributed this to their theoretical assumptions, which assumes linear
drag and heat transfer and neglects two-way coupling effects. As
shown in Fig. 8a, even very low loadings can cause significant heat
loss in the gas behind the shock consistent with an overprediction of
postshock gas temperatures for a one-way coupling assumption and
an underprediction of evaporation time as in Fig. 9b.

C. Mass Loading Effects

Because the mass loading was shown to be an important
consideration, a range of mass loadings was investigated from 0.005
to 5.0, where again the initial shock Mach number was 1.25 and the
drop diameter was 2:4 �m. Mixed-fluid theory for solid particles
suggests that as the mass loading increases, the equilibrium shock
Mach number should decrease. This is also consistent for
evaporating cases as shown by the shock attenuation results of
Fig. 10a. For mass loadings of 0.63 and 5.0, the theoretical
equilibrium shockMach numbers frommixed fluid theory (0.89 and
0.48, respectively) are shown in the figure, demonstrating excellent
comparison to the predicted values. Additionally, it can be seen that
for a given diameter, increased mass loading increases the rate of
shock attenuation; i.e., the distance required to reach this equilibrium
is reduced. This nonequilibrium effect has not previously been
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reported but can be explained qualitatively by considering the change
in the gas Lagrangian temperature equation due to only heat transfer
effects from the droplets:

dTg
dt
� 1

�T;g
�Tp � Tg� (29a)

�T;g �
�gcp;g

�Nukgnpdp
(29b)

This equation stems fromEqs. (1–3) but is written in a form similar to
that used for the particles [Eq. (12)]. In this expression �T;g is defined
as a gas-phase thermal time scale that reduces as particle
concentration increases. Thus, an increased mass loading should
result in faster continuous-phase transients and a shorter shock travel
distance to reach equilibrium conditions.

Gas temperature is plotted in Fig. 10b for the five different mass
loadings studied with comparison to an unladen shock. As loading
increases, more heat is consumed in evaporating drops, resulting in
lower gas temperatures in the drop-laden region just behind the
shock. Increases in loading also cause a reflected shock to be sent
upstream (SR in Fig. 3), which causes a rise in gas temperature far
behind the shock (e.g., x < 0:2 m) yielding values higher than the
unladenvalue (Sommerfeld [4]). For the highest loadings of 0.63 and
5.0, the gas temperatures far behind the reflected shock, calculated
frommixed-fluid theory, are 321 and 333K, respectively, and are also
plotted in Fig. 10b for comparison. For a loading of 0.63, there is

excellent agreement between the present study and mixed-fluid
theory for x < 0:2 m. At the higher loading of 5.0, however, the
present study predicts a temperature far behind the reflected shock,
which is 2 K greater than the mixed-fluid theory, which may be
attributed to the finitemass transfer and inertia effects. Note that if the
gas temperature is considered at earlier times (not shown), this
reflected shock has not reached the x� 0 position yet such that the
predicted gas temperature at this point is equal to the unladen
postshock value of 317 K.

Figure 11a shows relative temperature (Tp � Tg) as a function of
position for each mass loading. For the smallest mass loading of
0.005, the rapid increase in gas temperature at the shock front yields a
rapid spike in relative temperature. Further away from the shock,
none of the droplets have completely evaporated yet so that the
relative temperature decreases but remains finite and negative
(indicating that the droplets are still not as hot as the surrounding
gas). As themass loading increases and the shock is attenuatedmore,
the initial spike in gas temperature behind the shock is reduced (at a
given instant in time due to shock attenuation) so that the relative
temperature is also reduced (to less than 1 K at the highest mass
loading.

Relative humidity, plotted in Fig. 11b for each mass loading,
demonstrates the complex interaction between the evaporating drops
and the gas behind the shock wave. In front of the shock wave, the
relative humidity for all cases is 100%, as specified. Immediately
behind the shock, as gas temperature rises, the relative humidity
decreases. Evaporation behind the shock causes relative humidity to
then increase. At higher mass loadings, the increased thermal
coupling of the drops reduces gas temperature such that the relative
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humidity can approach 100%. This can be seen in Fig. 11b for a
loading of 0.1 where relative humidity reaches 100% and is then
constant until the contact discontinuity between the unladen
postshock gas and the gas-particle mixture. At this point, the system
comes to equilibrium and evaporation stops (which is also consistent
with a negligible difference in relative temperature shown in Fig. 11a
at high mass loading). Thus, mass loadings of 0.1 or more include a
postshock region where evaporation ceases and thermal equilibrium
is reached. For a loading of 0.63 the relative humidity even becomes
slightly greater than 100%, indicating supersaturation, but at a mass
loading of 5.0, there is evidence of numerical instabilities. As such,
implicit schemes (as used in reacting flows) for the vapor species as
well as droplet temperature and radius may be helpful when
simulating such high loadings.

D. Droplet Size Effects

While it is well known that an increase in particle response time
(due to larger particle diameter) increases the distance needed to
reach the equilibrium shock Mach number (Chang and Kailasanath
[9]), the behavior with evaporating drops is not as well understood.
Herein, three initial droplet diameters (2.4, 5, and 20 �m) were
tested with a mass loading � of 0.63 and an initial shock Mach
number of 1.25. The results for evaporating drops are shown in
Fig. 12a (with comparison to the mixed-fluid theoretical value of
0.89) where it can be observed that there is a qualitatively similar
increase in distance required for equilibrium conditions as drop
diameter increases. In fact, the largest drop size (20 �m) does not
fully attenuate to the equilibrium value in the length of the
computational domain. The maximum particle Reynolds number of
49 for the 20 �m case (vs. a maximum of 2.7 for the 2:4 �m drop),
occurs just after the shock impacts the droplet-laden region. The
corresponding maximum Weber number was approximately 6,
indicating that droplets larger than 20 �m or shocks of higher
strength may require a breakup model. At the other extreme, the
smaller drop sizes (e.g., 5 �m or less) can have noncontinuumeffects
(e.g.,Knp > 0:01) as they evaporate as shown in Table 2 for pre- and
postshock conditions for the three initial diameters tested as well as
for two smaller diameters that occur further behind the shock wave
due to evaporation. These rarefaction effects can be significant to the
drag force. For example, the correction to the drag coefficient for a
0:5 �m droplet corresponds to about a 25% reduction, while that of a
0:1 �m droplet corresponds to about a 70% reduction.

The gas temperature for each initial-diameter case is shown in
Fig. 12b with comparison to the single-phase predictions. The
simulations have the same temperature in the shocked region to
the left of anydroplets (x < 0:3 m)with a value that is consistentwith
themixed-fluid theoryvalue of 321K for thismass loading.However,
thegas-temperature increasedue to the shock is substantially less than
theunladenvaluedue to energy transfer to thedrops, especially for the
smallest drop size, and occurs at a reduced x value due to shock speed
attenuation. As the drop size increases, the total droplet surface area
decreases (for a fixed mass loading) and this reduces the interphase
heat transfer rate to the drops [Eq. (8)]. As such, the shock spike for
the 2:4 �m case is replaced by a more gradual temperature increase
for the 20 �m case. The increased time for coupling effects to occur
for larger particles [Eq. (29b)] also yields an increased travel distance
for the leading edge of the shock front as well as a local maximum in
temperature. Another droplet size effect can be seen at around
x� 0:25 m. In the case of the smaller particles, the gas reaches an
equilibrium temperature once relative humidity reaches 100% and
evaporation stops (for 0:3 m < x < 0:6 m). For the largest particle
diameter, the gas shows a slower and continued drop, because the
droplets have not fully evaporated.

E. Effects of Specific Heat Ratio and of Evaporation

To investigate the effects of specific heats (since these can vary
significantly among liquids and the gases of interest), two droplet
specific heat ratios (c�s ) of 4.17 and 1.0 were studied for a mass
loading of 0.63, a drop diameter of 2:4 �m, and an initial shock
Mach number of 1.25. The first specific heat ratio (4.17) matches that
of liquid water, while the second (1.0) is more consistent with
previous idealizations of dusty gases and is roughly consistent with
liquid fuel in a fuel–air mixture. For these two ratios, the effects of
interphase heat andmass transferwere examined by considering both
conventional evaporation and artificial conditions without evap-
oration ( _m� 0), which would behave more similar to solid-particle
conditions. Shock attenuation results for each condition are shown in
Fig. 13a with comparison to equilibrium theory. For c�s � 4:17, the
mixed-fluid theoretical equilibrium shock Mach number is 0.89,
while a slightly higher value of 0.93 occurs for c�s � 1:0. There is
good agreement with mixed-fluid theory for the simulated cases
without evaporation, but predictions with evaporation (especially
with c�s � 1:0) fall slightly below the mixed-fluid value. This may be

Table 2 Particle Knudsen numbers pre- and postshock

Knp d� 0:1 �m d� 0:5 �m d� 2:4 �m d� 5:0 �m d� 20 �m

Preshock –– –– 0.039 0.019 0.005
Postshock 0.678 0.136 0.028 0.014 0.003
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attributed to the change in the gas species composition because of the
addition of water vapor. The effects of evaporation are more sub-
stantial with respect to the rate of attenuation,whereby the distance to
reach equilibrium is significantly increased in the evaporating case.
This trend was unexpected by the authors (Kersey et al. [16]), since
the evaporating case contains droplets that become smaller (and thus
have shorter inertia response times on average) and since evaporation
yields a larger relative temperature (and thus yields a higher thermal
load on the gas). However, it can be explained by Eq. (29), which
indicates that the gas-temperature response time (�T;g) actually
increases as the particle diameter decreases for a given number of
particles per unit volume: i.e., a given mass loading.

The gas-temperature distributions shown in Fig. 13b further
explain the effects of specific heat ratio and the importance of
evaporation. As c�s increases for no evaporation, the associated
increased thermal loading of the particles on the gas translates to a
reduced local temperature rise behind the shock due to the reduced
shock strength (noted in Fig. 13a). As evaporation is included for
c�s � 1, the equilibrium gas temperature behind the shock reduces
further due to the thermal energy required for phase change (recall
from Fig. 6b that the droplet temperature reduces to the wet-bulb
temperature during evaporation). This effect is less pronounced for
c�s � 4:17, since particle heating dominates the thermal loading at
this condition. As such, the effects of evaporation and specific heat
ratio (like that of shock strength, particle size and mass loading) can
impact the shock physics in a variety of ways.

IV. Conclusions

A numerical formulation was developed to handle finite rate
interphase mass, momentum, and energy coupling and the scheme
was evaluated with analytical and experimental conditions for both
one-way and two-way coupling and for both low-speed and high-
speed conditions. Simulations of shock attenuation by solid particles
agreed reasonably well with data and previous numerical studies.
Using this methodology, a parametric study of shock attenuation by
small evaporating drops was conducted.

First, the effects of shock Mach number were studied at very low
mass loadings (0.5%). At this condition, momentum effects were
small as indicated by small relative velocities and a weak impact on
shock speed. However, substantial changes in the gas temperature
due tomass and heat transfer effects occurred even for this smallmass
loading due to the drop in particle temperature to the wet-bulb value
behind the shock. At the interrogated time, the faster evaporation at
the higher Mach number created a region with constant gas
temperature where all the local drops had fully evaporated. In both
cases, evaporation rates behind the shocks compared very well with
experimental data by Goossens et al. [3].

Increased mass loading reduces the equilibrium shock Mach
number and gas temperature rise due to momentum coupling effects,
high loadings also increased the rate of shock attenuation due to a
reduction in the thermal time scale [Eq. (29)]. The laden–unladen
interface also caused a significant reflected shock in the opposite
direction, which increased gas temperature in the shocked clean air
region as compared to the unladen case, despite the stronger up-
stream thermal coupling. The strengths of the reflected shock and of
the transmitted shock at equilibrium compared well with theory even
when evaporation was included. However, evaporation effects led to
complex gas-temperature profiles.

A study of the effect of droplet diameter indicated that larger drops
take longer to reach postshock equilibrium conditions due to
increased inertia. Examination of Knudsen numbers indicates that
the drag coefficient can have significant rarefaction effects when the
droplets evaporate postshock to submicron size. Higher specific heat
ratios (consistent with higher thermal loadings) were found to reduce
the equilibrium shock Mach number consistent with mixed-fluid
theory. Interestingly, evaporation was found to slow the shock
attenuation and reduce the postshock gas temperature. Future studies
should consider the additional effects of droplet breakup, internal
temperature variations, and combusting flow.
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